Abstract. We define the generalized connected sum for generic closed plane curves, generalizing the strange sum defined by Arnold, and completely describe how the Arnold invariants J ± and St behave under the generalized connected sums.
Introduction
A generic plane curve is a C ∞ -immersion c : M R 2 , where M is either a closed connected interval or S 1 , without self tangency point nor triple or more multiple point. We call the image C = c(M) ⊂ R 2 an unoriented generic plane curve. The classification problem of generic closed plane curves c : S
1

R
2 was posed in [1] and is known to be quite complicated. Arnold defined in [1] three invariants J + , J − and St (the last one is called the strangeness) of unoriented generic closed plane curves (Theorems 2.9-2.11). These invariants form a basis of the space of degree one Vassiliev type invariants of generic closed plane curves. Although they are not complete invariants, geometric understanding of them would be important, with a high-dimensional analogues in mind.
Let C 0 , C 1 be any unoriented generic closed plane curves in general position and let Γ be a bridge between them, namely a generic plane curve that emanates from a generic point (i.e. non-double point) on C 0 and terminates at a generic point on C 1 creating no triple point nor tangency point with C 0 and C 1 . The generalized connected sum of C 0 , C 1 along Γ is obtained by performing a "surgery" on C 0 ∪ C 1 along Γ (Definition 2.14). This generalizes the connected-sum and the strange sum [1, §3] of separated closed curves.
In [1] it has been shown that St is additive under the strange sums and J ± is additive under the connected sums (Theorem 2.17). Afterward Mendes de Jesus and Romero Fuster [2] partially generalized Arnold's result to the case that C 0 ∩ C 1 may be non-empty but Int Γ ∩ (C 0 ∪ C 1 ) = ∅ and Γ has no double point (Theorem 4.7). They use the numbers T ± and T St Γ which count with signs the tangencies / triple points that occur in a separating homotopy of C 0 , C 1 (Definitions 4.1, 4.2). Though these numbers occupy important places in connected sum formulas, any explicit way to calculate them has not been known.
Our aim is to establish complete generalized connected sum formulas for X = J ± , St in terms of X(C i ) (i = 0, 1) and some geometric data of C i and Γ (Theorems 4.4, 4.5). Our formulas also include T ± and T St Γ , and we give algorithms to compute them (Propositions 5.3, 5.9).
In general, connected-sum formula for an invariant has another aspect; making computations easier by decomposing objects into smaller ones. There exists a way to decompose any nontrivial generic closed curve into a generalized connected sum to which our formulas can be applied. But in fact the formulas given in [2] (of which our formulas are generalizations) are enough for such decompositions; see [2, §5] .
We also remark that the numbers of double points of generalized connected sums are large in general, and in the tables in [1, §10 and appendix by Aicardi] there is no example to which our formulas are essentially applied. It would be an interesting problem to find a Date: March 29, 2017. KS is partially supported by JSPS KAKENHI Grant Number 16K05144.
Figure 2.1. The standard curves family of generic closed curves whose values of the Arnold invariants can be computed in a systematic way using our formulas.
Terminologies
All the curves that we will consider are plane curves. The Arnold invariants J ± and St assign integers to (unoriented) generic closed curves. In this section we recall the axiomatic definition of these invariants following [1] .
Generic curves.
A regular closed curve is a smooth immersion S 1 := R/Z R 2 . A regular closed curve is endowed with a natural orientation. In the following, unless otherwise stated, regular closed curves (maps) c : S
1
R
2 are denoted by lowercase letters and their images C := c(S 1 ) ⊂ R 2 are denoted by capital letters. We call C an unoriented regular closed curve.
Let I be the space of regular closed curves (maps) equipped with Whitney C ∞ -topology. A regular homotopy of regular closed curves is a continuous path [0, 1] → I, or equivalently a continuous family [0, 1] × S 1 → R 2 of regular closed curves. Regular homotopy for unoriented closed curves is defined in an obvious way.
Definition 2.1. The rotation number of c ∈ I is defined by
It is known [3] that c 0 , c 1 ∈ I can be connected to each other by a regular homotopy in I if and only if r(c 0 ) = r(c 1 ). Thus the set of regular closed curves up to regular homotopy, namely π 0 (I), is identified with Z via the rotation number. It can be seen that the rotation number of (a parametrization of) the standard curve K n shown in Figure 2 .1 is ±n, and hence any c ∈ I can be transformed to a parametrization of K |r(c)| by a regular homotopy. Definition 2.2. A double point of c ∈ I is a point c(s) = c(t) for some s t ∈ S 1 . A self tangency point of c is a double point c(s) = c(t), such that c ′ (s) = kc ′ (t) for some k 0. If k > 0 then the self tangency point is said to be direct, and inverse otherwise. A triple point of c is a point c(s) = c(t) = c(u), where s, t, u ∈ S 1 are all distinct. Define Σ d , Σ i , Σ t ⊂ I to be the subspaces consisting of c ∈ I with respectively at least one direct self tangency point, inverse self tangency point, triple point. The union
Any element of the complement GI := I\Σ is called a generic closed curve. We say two generic closed curves are equivalent as generic closed curves if they are joined by a regular homotopy which does not intersect Σ.
Remark 2.3. Double / triple points of unoriented generic curves are defined in obvious ways. Moreover "direct / inverse self tangency points of unoriented curves" make sense because, if p ∈ R 2 is a direct (resp. an inverse) self tangency point of c, then p is also a direct (resp. an inverse) self tangency point of c • ψ for any diffeomorphism ψ :
All the multiple points of a generic curve are transverse double points, and there is no triple point nor self tangency point. The space GI of generic closed curves is open dense in I. The most generic part of Σ d (resp. Σ i ) consists of curves with exactly one direct (resp. inverse) generic self tangency point, namely at the point the second derivatives of If h : [0, 1] → I is a generic regular homotopy then h(s) ∈ GI for all but finitely many s 1 , . . . , s k ∈ [0, 1], and for any i = 1, . . . , k and any small ǫ > 0, the curves h(s i + ǫ) and h(s i − ǫ) ∈ GI are distinct as generic closed curves. For i = 1, . . . , k the regular closed curve h(s i ) has exactly one generic self tangency point or generic triple point. Definition 2.5. Define the co-orientation of the most generic part of Σ as follows; we say a generic regular homotopy h :
positively if the number of double points of h(ǫ) is greater than that of h(−ǫ) by two (see Figures 2.2, 2. 3). We say a generic regular homotopy h : [−ǫ, ǫ] → I, h(0) ∈ Σ t , gets across Σ t positively if (−1) q = +1, where q is the number of edges of the newborn triangle of h(ǫ) near the triple point (see Figures 2.4, 2.5) whose orientations are compatible with the cyclic order of the edges determined by the parameter of h(ǫ). Example 2.6. In both Figures 2.4, 2.5 the edges of the newborn triangles are given the counterclockwise order by the parameter of h(ǫ). In the case of Figure 2 .4 the orientations of edges 1, 2 of newborn triangle are compatible with the counterclockwise order of the edges, and hence q = 2. Thus in Figure 2 .4 the homotopy gets positively across Σ t . In the case of Figure 2 .5 the orientations of all the edges 1, 2, 3 of the newborn triangle are compatible with the order of the edges, and hence q = 3. Thus the homotopy gets negatively across Σ t .
Remark 2.7. The co-orientation of Σ t is well-defined, namely cyclic permutations of the order of edges of newborn triangle do not change q. Moreover the definition of the coorientation of Σ is independent of the orientation of the curve; for example reversing the orientations of curves in Figures 2.4 , 2.5 does not change the parity of q. Therefore it makes sense saying that "a generic regular homotopy of unoriented closed curves gets across a ). There exists a unique invariant J + of unoriented generic closed curves under generic homotopies getting across no direct self tangency, satisfying
• J + (K 0 ) = 0 and J + (K n ) = −2(n − 1) (n ≥ 1) for the standard curves K n (see Figure 2 .1), and • if C 0 is transformed to C 1 through a positive direct self tangency point, then
Notice that, after getting through a direct self tangency negatively, the value of J + decreases by 2. The above properties enable us to compute J + (C) for any unoriented generic closed curves since any C can be transformed to one of K n 's by a generic regular homotopy [3] , and in fact J + (C) is independent of the choice of generic homotopies since the most generic part of Σ is "consistently co-oriented". See [1, §2] for details. Similarly J − (C) and St(C) below are well defined and can be computed.
Theorem 2.10 ( [1] ). There exists a unique invariant J − of unoriented generic closed curves under generic homotopies getting across no inverse self tangency, satisfying
• J − (K 0 ) = 0 and J − (K n ) = −3(n − 1) (n ≥ 1), and • if C 0 is transformed to C 1 through a positive inverse self tangency point, then
Theorem 2.11 ( [1] ). There exists a unique invariant St of unoriented generic closed curves under generic homotopies getting across no triple point, satisfying
6. An example of generalized connected sum 
Next replace Γ with a pair of generic curves Γ ± that are parallel to the original Γ and connect the boundary points of I 0 and I 1 , and that are close to Γ so that Γ ± ∩ (C 0 ∪ C 1 ) can be naturally identified with Γ ∩ (C 0 ∪ C 1 ). Define C 0 + Γ C 1 as the curve (Γ \ (I 0 ⊔ I 1 )) ∪ (Γ + ∪ Γ − ) (with its corners smoothed).
C 0 + Γ C 1 is a generic closed curve if C 0 , C 1 are generic and in general position, and the parallel curves Γ ± are taken to be sufficiently close to Γ. Definition 2.15. Let C 0 , C 1 be unoriented generic closed curves and Γ a bridge between them. We say parameters c i (i = 0, 1) of C i are compatible with respect to Γ if there exists a parameter c of C 0 + Γ C 1 that determines the same orientation of C i as that by c i (see Figure 2 .7) .
If c 0 , c 1 are compatible then so are −c 0 , −c 1 , where in general (−c)(t) := c(1 − t) is the curve with opposite orientation to c. Any quantities in the following are independent of the choices. Unless otherwise stated, we always choose compatible parameters c i of C i (i = 0, 1) with respect to bridge Γ. Definition 2.16. We say (unoriented) generic closed curves C 0 , C 1 are separated if there exists an unbounded curve dividing R 2 into two half planes 
Our aim is to generalize the following additivity formulas for the Arnold invariants (and their generalizations given in [2] , see Theorem 4.7) to generalized connected sums.
Theorem 2.17 ([1]). (1) If
3. A strange sum formula for J ± Strange sum formula for J ± is lacking in Theorem 2.17. In this section we partially fill the lack in some special cases. This is the first step to the generalized connected sum formulas.
Let c ∈ GI and put C := c(S 1 ) ⊂ R 2 . Note that R 2 \ C is decomposed into finitely many connected components, exactly one of which is unbounded (we denote it by R ∞ ).
Definition 3.1. For any connected component R ⊂ R 2 \C, define the index of c with respect to R by ind R (c) := deg ϕ ∈ Z, where ϕ :
Notice that ind R (c) is independent of the choice of the point p ∈ R, and is not changed by regular homotopy in which c never pass through p. It is not difficult to see ind
The index ind R (c) is also called the "Alexander numbering" of R.
For an unoriented curve C, a specified normal vector to C can play a role of orientation. Let R v is the unique component of R 2 \ C that contains x in its boundary and that is pointed by the vector v (see Figure 3 .1). We denote ind This is a well-defined invariant of unoriented generic curves C with specified transverse vector v and connected component R of R 2 \ C. In general ind R v (C) can be defined even if v and R do not relate to one another. In the following however we exclusively consider the cases that a bridge Γ = γ([0, 1]) between generic closed curves C 0 , C 1 is given, and consider ind
) and
Now we are ready to state a strange sum formula for J ± under some conditions. Proposition 3.3. Let C 0 , C 1 be separated unoriented generic closed curves and Γ a bridge between them (note that C 0 + Γ C 1 is a strange sum). Suppose that |D(Γ)| = n Γ and we can choose a parameter γ :
(see Figure 3 .2). Then we have For the proof we need some observations. In the case i = j, if c i points the same side of A at x and y, then so does −c i . Thus it makes sense saying "an unoriented curve C points the same side of A at x, y ∈ A ∩ C". Definition 3.6. Let C 0 , C 1 be generic closed curves and Γ a bridge between them. For x ∈ Int Γ ∩ C i (i = 0, 1), define s(x) := +1 (resp. −1) if C i points the same side (resp. the opposite sides) of Γ at x and γ(i). Let l ± be the numbers of the points Remark 3.8. We can also state Lemma 3.7 as ind
. We often use Lemma 3.7 in this form in the proof of Theorem 4.5.
Proof of Lemma 3.7. To compute ind (R)
α ′ (0) (C) we choose a compatible parameter c of C with α ′ (0) (see Definition 2.15). Let c(t) ∈ A ∩C and let R l , R r ⊂ R 2 \ C be adjacent components to c(t) such that R l is on the left side of c (see Figure 3 .4). For any points p * ∈ R * ( * = l, r), we have ind
. Transforming c as in Figure 3 .4, we see that ϕ l (t) "rotates one more than ϕ r (t) does" in the counterclockwise direction, and hence
Let ξ ∈ A ∩ C be a point such that s(ξ) = +1. Then α gets across c at ξ from the left (consider the case x = α(0) and y = ξ in Figure 3. 3). Thus by (3.2) the index of c with respect to components of R 2 \ C decreases by one when we get across c at ξ along α. Similarly we see that the index increases by one when we get across c at η ∈ A ∩ C with s(η) = −1. Therefore ind
The following is proved by inspection (see Figure 2 .7).
Lemma 3.9. Let C 0 , C 1 be generic closed curves in general position and Γ a bridge between them. Let c 0 , c 1 be compatible orientations with respect to Γ. Then c 0 is compatible with γ ′ (0) if and only if c 1 is compatible with −γ ′ (1).
Proof of Proposition 3.3. By Lemma 3.9 we may choose compatible parameters c i of C i (i = 0, 1) with respect to Γ and (−1) i γ ′ (i). Transform C i along Γ i as shown in Figure 3 .5 to obtainĈ i so that C 0 + Γ C 1 =Ĉ 0 +Γ C 1 , where the right hand side is a connected sum. In [1] such a transformation is called Figure 3 .5. The pushing-appendix along Γ pushing-appendix along Γ. It is enough to compute J ± (Ĉ i ) since by Theorem 2.17
At some finitely many instances the above pushing-appendix gets across self-tangencies, that derive from (i) the double points of Γ, and (ii) the intersections of C i with Γ.
Corresponding to each double point of Γ, the above pushing-appendix gets across a pair of a positive direct self tangency and a positive inverse self tangency (see Figure 3 .6). Thus the self tangencies derived from (i) add ±2n i to J ± (C i ). For (ii), we see in Figure 3 .7 that, if x ∈ Int Γ ∩ C 0 is such that s(x) = +1 (resp. s(x) = −1), then the pushing-appendix gets across positively a direct (resp. an inverse) self tangency at x. Thus self-tangencies derived from (ii) add ±2l 
Since c 1 is the induced orientation by −γ ′ (1), a similar calculation to (3.4) shows
Substituting (3.4), (3.5) to (3.3) and using n Γ = n 0 + n 1 and |Int
| (this is because of (3.1)), we complete the proof.
4. The generalized connected sum formula 4.1. The statement. For any c 0 , c 1 ∈ GI in general position, there exists a generic homotopy of c 0 such that • it does not intersect the discriminant Σ (e.g., a parallel translation),
• it separates c 0 from c 1 ,
• except for finitely many instances in the homotopy c 0 and c 1 are always in general position, and at the instances there exists exactly one generic tangency or generic triple point involving both c 0 and c 1 . We call such a homotopy a generic separating homotopy of c 0 from c 1 . 
where the sum in the right hand side is taken over all the pairs (x, y), x ∈ Int Γ ∩ C 0 and y ∈ Int Γ ∩ C 1 , such that γ(0), x, y and γ(1) are placed on Γ in this order.
Remark 4.6. Theorem 4.4 recovers and extends Proposition 3.3 to any strange sums, as the special case that T ± Γ (C 0 , C 1 ) = 0 and ind
(C i ) = 0; in Proposition 3.3, C 0 , C 1 are separated and R i is the unbounded component R ∞ i of R 2 \ C i . If moreover C 0 + Γ C 1 is a connected sum, then Arnold's formula for J ± (Theorem 2.17 (1)) is recovered; in this case
Similarly Theorem 4.5 recovers Arnold's formula for St (Theorem 2.17 (2)); in this case T St Γ (C 0 , C 1 ) = 0, and γ(0), x, y, γ(1) are always placed on Γ in this order for any x ∈ Int Γ ∩ C 0 and y ∈ Int Γ ∩ C 1 . Thus
The second equality follows from Lemma 3.7, and the last equality holds since ind 
Remark 4.8. Under the assumption of Theorem 4.7 we have n Γ = |Int Γ ∩ (C 0 ∪ C 1 )| = 0 and ind
; the last equality holds because in the case γ(1 − i) ∈ R (−1) i γ ′ (i) . Thus Theorem 4.4 generalizes Theorem 4.7 (1). Similarly Theorem 4.5 generalizes Theorem 4.7 (2) since under the assumption of Theorem 4.7, the last term in Theorem 4.5 is a sum over the emptyset.
Theorem 4.7 in fact slightly generalizes [2, Theorems 1, 2]. In [2] closed curves are in advance given orientations and bridges Γ should be put so that the orientations are compatible with respect to Γ. Since we begin with unoriented curves, we can put Γ anywhere (as long as it satisfies the assumptions).
In private communications the authors of [2] told us that their formula for St in [2] contains an error (in the "index part") and Theorem 4.7 corrects it. The formula for J ± in [2] is correct; the difference in the sign of T ± Γ is because of our definition of T − Γ . 4.2.1. Proof of Theorem 4.7 (1). We notice that, performing a generic homotopy if necessary, we may assume that Γ is a straight segment and the parallel translation of C 0 to the direction −γ ′ (0) is a generic separating homotopy. Denote byĈ 0 the resulting closed curve which is equivalent to C 0 and separated from C 1 , and letΓ =γ([0, 1]) be the straight segment obtained by extending Γ so thatγ(0) ∈Ĉ 0 corresponds to γ(0) ∈ C 0 andγ(1) = γ(1) ∈ C 1 . See Figure 4 .1, the right. Lemma 4.9. LetĈ 0 , C 1 andΓ as above. Then
• xĈ
0Γ
Separating homotopy
γ (1) γ (0) γ (0) Proof. The parallel translation of C 0 to the direction −γ ′ (0) is naturally extended to a generic homotopy h from C 0 + Γ C 1 toĈ 0 +Γ C 1 . All the self tangency points in the homotopy h involve both C 0 and C 1 because h is just a parallel translation of C 0 . The homotopy h produces roughly T ± Γ (C 0 , C 1 ) direct / inverse self tangencies of C 0 + Γ C 1 (counted with signs). But we have punched "holes" on C 0 and C 1 near γ(0) and γ(1) to make the generalized connected sum, and these holes may change the numbers of tangencies.
For example, let x ∈ IntΓ ∩Ĉ i (i = 0, 1) be such that s(x) = −1. ThenĈ i andĈ 1−i point the same side ofΓ at x andγ(1 − i). As we see in Figure 4 .3 (the case i = 1), an arc in C i near x relates to one more positive direct tangency with C 1−i in the homotopy h than in the separating homotopy. There are l
Similarly we see that, for x ∈ IntΓ ∩Ĉ i (i = 0, 1) such that s(x) = +1, an arc in C i near x relates to one more positive inverse tangency with C 1−i in the homotopy h than in the separating homotopy. Thus T Proof of Theorem 4.7 (1). LetĈ 0 andΓ be as above. They satisfy all the assumptions in Proposition 3.3, and since nΓ = 0 we have 
. Therefore In contrast to the case of J ± , the "holes" used to make the generalized connected sum do not affect the number of triple points. This is because, performing a small generic homotopy if necessary, we may assume that any double points of C i (i = 0, 1) do not get across small arcs on C 1−i near γ(1 − i) in the separating homotopy of C 0 from C 1 .
Instead, in the homotopy h from C 0 + Γ C 1 toĈ 0 + Γ C 1 , an arc of C 0 near x ∈ C 0 that corresponds to somex ∈ IntΓ ∩Ĉ 0 makes two triple points with the parallels of Γ (see Definition 2.14) and each arc of C 1 near some y ∈ IntΓ ∩ C 1 (see Figure 4 .4). These triple points do not occur in the separating homotopy (i.e., parallel translation of C 0 ).
Lemma 4.11. The signs of two newborn triangles that occur when x ∈ C 0 (corresponding to somex ∈ IntΓ ∩Ĉ 0 ) gets through an arc of C 1 near y ∈ IntΓ ∩ C 1 in the homotopy h are both −s(x)s(y) (for s(x) see Definition 3.6).
Proof. Check all the cases. Figure 4 .5 shows three typical examples: In the first one s(x) = s(y) = +1 and in the separating homotopy an inverse tangency occurs. In the second s(x) = −1, s(y) = +1 and in the separating homotopy a direct tangency occurs. In the last one s(x) = s(y) = −1 and no tangency occurs. All the other cases can be similarly checked. 
Proof. Let l ± i be as in (4.1). By Lemma 4.11, each small arc near x ∈ IntΓ ∩Ĉ 0 produces 2(l
triple points in the homotopy h. Summing them up for all the points x ∈ IntΓ ∩Ĉ 0 , we see that the number of all the triple points occurring in the homotopy h is
Lemma 3.7 together with the fact thatγ(1) ∈ R ∞ 0 and hence ind
Proof of Theorem 4.7 (2). By Corollary 4.12 we have Figure 4 .6, we obtain a generic curve C 0 and a bridge Γ between C 0 and C 1 such that C 0 , Γ and C 1 satisfy the assumptions in Theorem 4.7 and
where γ is a parameter of Γ. We need to compute J ± (C 0 ), T ± Γ (C 0 , C 1 ) and ind γ ′ (0) (C 0 ). By Lemma 3.9 we can choose compatible orientations c i (i = 0, 1) of C i with respect to Γ and (−1) similar to (4.1) ). Then as we have seen in Figure 3 .7, at each point x ∈ Int Γ ∩ C 0 with s(x) = +1 (resp. −1), the pushing-appendix from C 0 produces a positive direct (resp. inverse) self tangency. Moreover at each double point of Γ the pushing-appendix produces one direct self tangency and one inverse self tangency (see Figure 3 .6). Thus the pushingappendix from C 0 along Γ produces l ± 0 + n Γ direct / inverse self tangencies, and hence (4.4)
. Let c 0 be a parameter of C 0 that is naturally induced by c 0 . Then c 0 is compatible with γ ′ (0). We notice that R 0 is the unique component of
by definition of index, and by Lemma 3.7 we have ind
Since c 0 and c 0 are compatible we obtain
Similarly by Lemma 3.7 (4.6) ind
since c 1 is compatible with −γ ′ (1). Using (4.5) and (4.6) we have
To compute T ± Γ (C 0 , C 1 ), we may separate C 0 from C 1 as follows;
(i) first pull appendices back to C 0 along Γ, (ii) separate C 0 from C 1 , and then (iii) push appendices again from C 0 along Γ to produce C 0 .
Although this is not a generic separating homotopy in the sense of the beginning of this section, but as we can easily see, generic homotopy of c 0 in which no tangency between c 0 and c 1 occurs do not change T ± .
In (i) all the tangencies between C 0 and C 1 are negative. If y ∈ Int Γ ∩ C 1 is such that s(y) = +1 (resp. s(y) = −1), then C 1 and C 0 point the opposite sides (resp. the same side) of Γ at y and γ(0) and an inverse (resp. a direct) tangency occurs between C 0 and C 1 at y. 
Thus the result for J ± follows because
Proof of Theorem 4.5. By Theorem 4.7 (2) we have
where C 0 and Γ are as above. Here we notice that St(C 0 ) = St(C 0 ) because C 0 can be obtained by a pushing-appendix in which no triple point occurs. Moreover ind γ ′ (0) (C 0 ) = ind
Suppose Int Γ ∩ C 0 = {x 1 , . . . , x p } and let R ( j)
1 ⊂ R 2 \ C 1 be the component that contains x j . As we will show in Corollary 5.11,
(here ind
because c 1 is compatible with −γ ′ (1)). By Lemma 3.7 we have (4.11) ind
Using (4.10) and (4.11) we obtain
Again by Lemma 3.7, (4.13) ind
where y runs over the points in Int Γ ∩ C 1 sitting between x j and γ(1). Substituting (4.12) and (4.13) into (4.9) we completes the proof for St. . For a double point p = c(t 1 ) = c(t 2 ) ∈ D(C), t 0 < t 1 < t 2 < 1 + t 0 , define e c x (p) as +1 (resp. −1) if c ′ (t 1 ), c ′ (t 2 ) is a positive (resp. negative) basis of R 2 .
We can check that e Notice that if a double point p of c 0 gets across c 1 from the right, then the sign of the newborn triangle is −e c 0 x 0 (p). Proposition 5.9. Let C 0 , C 1 be generic closed curves in general position and Γ a bridge between them. Let p 1 , . . . , p k (resp. q 1 , . . . , q l ) be the double points of C 0 (resp. C 1 ) and R i 1 (resp. R j 0 ) the component of R 2 \ C 1 (resp. R 2 \ C 0 ) that contains p i (resp. q j ). Then The right hand side of the formula in Proposition 5.9 does not depend on the compatible parameters c 0 , c 1 since reversing the orientations change the signs of both e and ind. 
